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ON A CLASS OF FULLY NONLINEAR ELLIPTIC EQUATIONS
ON CLOSED HERMITIAN MANIFOLDS
WEI SUN
Abstract. We study a class of fully nonlinear elliptic equations on closed Her-
mitian manifolds. We derive C∞ a priori estimates, and then prove the existence
of admissible solutions. In the approach, a new Hermitian metic is constructed to
launch the method of continuity.
1. Introduction
Let (Mn, ω) be a compact Hermitian manifold of complex dimension n ≥ 2 and χ
a smooth real (1, 1) form on Mn. Write ω and χ respectively as
ω =
√−1
2
∑
i,j
gij¯dz
i ∧ dz¯j ,
and
χ =
√−1
2
∑
i,j
χij¯dz
i ∧ dz¯j .
We denote χu := χ +
√−1
2
∂∂¯u, and also set
[χ] :=
{
χu : u ∈ C2(M)
}
, [χ]+ :=
{
χ′ ∈ [χ] : χ′ > 0}.
For a smooth positive real function ψ onM , we are concerned with the following fully
nonlinear equation
(1.1)


(
χ+
√−1
2
∂∂¯u
)n
=ψ
(
χ+
√−1
2
∂∂¯u
)n−α
∧ ωα,
χ +
√−1
2
∂∂¯u >0, sup
M
u = 0.
Following [22], [13] and [18], we define
(1.2) Cα(ψ) := {[χ] : ∃χ′ ∈ [χ]+, nχ′n−1 > (n− α)ψχ′n−α−1 ∧ ωα}.
1
2 WEI SUN
If χ ∈ Cα(ψ), we say that χ satisfies the cone condition. In this paper, we study
equation (1.1) on closed Hermitian manifolds. We wish to find an admissible solution
u ∈ C∞(M) to equation (1.1) under the cone condition.
When α = n, it is exactly the complex Monge-Ampe`re equation, which is strongly
connected with complex geometry. Calabi [6] proved the uniqueness of the admissible
solution up to a constant multiple. In the fundamental work of Yau [29] (see also [1]),
he proved the Calabi conjecture [5] by solving the complex Monge-Ampe`re equation.
Cherrier [10], Tosatti and Weinkove [23] independently solved the complex Monge-
Ampe`re equations on closed Hermitian manifolds in complex dimension 2 or under the
balanced condition in higher dimensions. Later, Tosatti and Weinkove [24] success-
fully removed the balanced condition and extended the result to general Hermitian
manifolds.
For α = 1, equation (1.1) was proposed by Donaldson [11] in connection with
moment maps and is closely related to the Mabuchi energy [9], [28], [22]. It is well
known that when χ and ω are Ka¨hler, there is an invariant defined by
(1.3) c =
∫
M
χn∫
M
χn−α ∧ ωα .
Donaldson’s problem assumes that M is closed, both ω, χ are Ka¨hler and ψ is c. It
was studied by Chen [8], [9], Weinkove [27], [28], Song and Weinkove [22] using the
parabolic flow method. In [22] Song and Weinkove gave a necessary and sufficient
solvability condition. Their result was extended by Fang, Lai and Ma [13] to all
1 ≤ α < n, and the condition was named the cone condition.
In this paper, we shall prove the following a priori estimates, which are the funda-
mental of the study.
Theorem 1.1. Let (Mn, ω) be a closed Hermitian manifold of complex dimension n
and u be a smooth solution of the equaion (1.1). Suppose that χ ∈ Cα(ψ). Then there
are uniform C∞ a priori estimates of u.
We significantly improve the C2 estimate in [18], which is the foundation of all
estimates. Specifically, we derive that
(1.4) ∆u+ trχ ≤ CeA(u−infM u)
where C and A are uniform constants. This estimate is sharper than that in [18]
(1.5) ∆u+ trχ ≤ Ce
(
eA(supM (u−u)−infM (u−u))−e
A(supM (u−u)−(u−u))
)
.
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As shown in [23], to obtain the C0 estimate it suffices to prove the improved version
of C2 estimate. In fact, the C0 estimate is often the most difficult one for elliptic
and parabolic problems on closed manifolds, which strongly motivated us to improve
the C2 estimate. Moreover, the higher order estimates are thus guaranteed by Evans-
Krylov theory [12], [20] and Schauder estimates.
In order to prove the sharp estimate on general Hermitian manifolds without any
other condition, a key trick due to Phong and Sturm [21] is applied. This trick can
help us get rid of the extra condition
(1.6) dχ ∧ ωn−2 = 0,
which is an extension of balanced metrics.
As an application of Theorem 1.1 and method of continuity, we are now able solve
to equation (1.1) up to a constant multiple in some cases. Albeit method of continuity
is a standard method in the study of elliptic equations, it is not easy to implemented
for equation (1.1) on closed Hermitian manifolds or even Ka¨hler manifolds. After
overcoming the difficulties in the work, we realize that the method of continuity has
much more potential than we thought.
First, it is very hard to find appropriate function spaces and functionals, which
make the inverse function theorem work. To resolve the issue, we develop the method
carried out in [23]. In the approach, a new Hermitian metric is defined, which is a
crucial new technique in applying method of continuity. The new technique reveals the
importance and necessity of studying Hermtian metrics, since the metric is Hermitian
even if both χ and ω are Ka¨hler. On the other hand, we notice that the technique can
be applied to more general equations than equation (1.1). Further, it is known that
Hermitian metric is much more complete than Ka¨hler metric in complex geometry
since every complex manifold has Hermitian metrics, and each Hermitian metric has
a unique Chern connection. This implies that we now have a less restricted tool to
study complex problems, and it is reasonable to expect more important results in
future.
Second, the essential cone condition is dependent on ψ. It is very possible that the
condition does not work for the whole equation flow in the method of continuity. For
general Hermitian manifolds, we impose an extra condition and use the maximum
principle.
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Theorem 1.2. Under the assumption of Theorem 1.1, there exists a solution of
equation (1.1) up to a constant multiple if
(1.7)
χn
χn−α ∧ ωα ≤ ψ.
Should we have more knowledge of the two metrics, there would be chances to
obtain deeper results. When χ and ω are both Ka¨hler, we are able to solve Donaldson’s
problem formerly proven by the flow method in [22], [13]. Since the cokernel is not
fixed, it does not work to apply method of continuity directly. Instead, we technically
set up an intermediate step and apply the method twice.
Theorem 1.3. Let (Mn, ω) be a closed Ka¨hler manifold of complex dimension n and
χ is also Ka¨hler. Suppose that χ ∈ Cα(ψ) and ψ ≥ c for all x ∈ M , where c is
defined in (1.3). Then there exists a unique admissible solution of equation (1.1) up
to a constant multiple.
It is worth a mention that the flow method solved the equation when ψ = c while
we only reuqire that ψ ≥ c.
This paper is organized as follows. In Section 2, we state some preliminary and
necessray knowledge related to equation (1.1). In Section 3, we establish the crucial
sharp C2 estimate. In Section 4, we study the higher order estimates and complete
the proof of Theorem 1.1. In Section 5, we apply the new technique to method
of continuity, and reduce the feasibility of the method to two simple conditions.
In Section 6, we solve equation (1.1) on general Hermitian manifolds and Ka¨hler
manifolds, respectively.
2. Preliminary
We denote by ∇ the Chern connection of g. As in [16] and [17], in local coordinates
z = (z1, · · · , zn) we have
(2.1) gij¯ = g
(
∂
∂zi
,
∂
∂z¯j
)
,
[
gij¯
]
=
[
gij¯
]−1
.
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Therefore, the coefficients of the connection are
(2.2)


Γilj =
∑
m
gim¯
∂gjm¯
∂zl
,
Γi¯l¯j¯ = Γ
i
lj =
∑
m
gmi¯
∂gmj¯
∂z¯l
.
The torsion and curvature tensors of ∇ are defined by
(2.3)
{
T (X, Y ) =∇XY −∇YX − [X, Y ],
R(X, Y )Z =∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,
respectively. In local coordinates, the coefficients are
(2.4)


T kij =Γ
k
ij − Γkji =
∑
l
gkl¯
(
∂gjl¯
∂zi
− ∂gil¯
∂zj
)
,
Rij¯kl¯ =−
∑
m
gml¯
∂Γmik
∂z¯j
= − ∂
2gkl¯
∂zi∂z¯j
+
∑
p,q
gpq¯
∂gkq¯
∂zi
∂gpl¯
∂z¯j
.
Let us consider the convariant derivatives of χu. For convenince, we express
(2.5) X := χu = χ+
√−1
2
∂∂¯u ,
and thus
(2.6) Xij¯ = χij¯ + ∂¯j∂iu .
Also, we denote the coefficients of X−1 by X ij¯.
It is easy to see that
(2.7) Xij¯k = Xji¯k¯ .
Assuming at the point p, gij¯ = δij and Xij¯ is diagonal in a specific chart. For later
reference, we call such local coordinates normal coordinate charts. Therefore,
Xi¯ijj¯ −Xjj¯i¯i = Rjj¯i¯iXi¯i − Ri¯ijj¯Xjj¯ + 2Re
{∑
p
T
p
ijXip¯j
}
−
∑
p
T
p
ijT
p
ijXpp¯ −Gi¯ijj¯,
(2.8)
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where
(2.9)
Gi¯ijj¯ = χjj¯i¯i − χi¯ijj¯ +
∑
p
Rjj¯ip¯χp¯i −
∑
p
Ri¯ijp¯χpj¯
+ 2Re
{∑
p
T
p
ijχip¯j
}
−
∑
p,q
T
p
ijT
q
ijχpq¯ .
Let Sα(λ) denote the α-th elementary symmetric polynomial of λ ∈ Rn,
(2.10) Sα(λ) =
∑
1≤i1<···<iα≤n
λi1 · · ·λiα .
For a square matrix A, define Sα(A) = Sα(λ(A)) where λ(A) denote the eigenvalues
of A. Further, write Sα(X) = Sα(λ∗(X)) and Sα(X−1) = Sα(λ∗(X)) where λ∗(X)
and λ∗(X) denote the eigenvalues of a Hermitian matrix X with respect to ω and to
ω−1, respectively. Unless otherwise indicated we shall use Sα to denote Sα(X−1) when
no possible confusion would occur. In local coordinates, we can write the complex
Monge-Ampe`re type equations (1.1) in the form
(2.11)
Sn(χu)
Sn−α(χu)
=
ψ
Cαn
,
or equivalently,
(2.12) Sα(χ
−1
u ) =
Cαn
ψ
.
As in [18], differentiating the equation twice and applying the strong concavity of
Sα [19], we have
(2.13) C
α
n∂l(ψ
−1) = −
∑
i
Sα−1;i(X
i¯i)2Xi¯il
and
(2.14) C
α
n ∂¯l∂l(ψ
−1) ≥
∑
i,j
Sα−1;i(X
i¯i)2Xjj¯Xji¯l¯Xij¯l −
∑
i
Sα−1;i(X
i¯i)2Xi¯ill¯,
where for {i1, · · · , is} ⊆ {1, · · · , n},
(2.15) Sk;i1···is(λ) = Sk(λ|λi1=···=λis=0).
Suppose χu ∈ [χ] is the Hermitian form satisfying the cone condition in Cα(ψ),
(2.16) nχn−1u > (n− α)ψχn−α−1u ∧ ωα.
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Choosing a local chart such that gij¯(p) = δij at a fixed point p, inequality (2.16) is
equivalent to
(2.17)
Cαn
ψ
> Sα;k(χ
−1
u )
for all k.
We may assume
(2.18) ǫω ≤ χu ≤ ǫ−1ω
for some ǫ > 0.
The following lemma is the key to construct the barrier function in the second order
estimate. An equivalent form of Lemma 2.1 and its proof are given in [13].
Lemma 2.1. There exist constants N, θ > 0 such that when w ≥ N at a point p
where gij¯ = δij and Xij¯ is diagonal,
(2.19)
∑
i
Sα−1;i(X
i¯i)2(ui¯i − ui¯i) ≥ θ
∑
i
Sα−1;i(X
i¯i)2 + θ.
3. The second order estimate
In this section, we prove the sharp second order estimate.
Proposition 3.1. Let u ∈ C4(M) be a solution of equation (1.1) and w = ∆u+ trχ.
Then there are uniform positive constants C and A such that
(3.1) sup
M
w ≤ CeA(u−infM u),
where C depends on the given geometric quantities.
Proof. Let us consider the function eφw where φ is to be specified later. Suppose that
eφw attains its maximal value at some point p ∈M . Choose a local chart near p such
that gij¯ = δij and Xij¯ is diagonal at p. Therefore, at the point p, we have
(3.2)
∂lw
w
+ ∂lφ = 0,
(3.3)
∂¯lw
w
+ ∂¯lφ = 0,
and
(3.4)
∂¯l∂lw
w
− ∂¯lw∂lw
w2
+ ∂¯l∂lφ ≤ 0.
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It is easy to see that
(3.5) ∂lw =
∑
i
Xi¯il,
and
(3.6) ∂¯l∂lw =
∑
i
Xi¯ill¯.
By (2.8) and (2.14), we have the following inequality at the point p,
(3.7)
0 ≥− 2
∑
i,j,l
Sα−1;i(X
i¯i)2Re{T jilXij¯l}+
∑
i,j,l
Sα−1;i(X
i¯i)2Xjj¯Xji¯l¯Xij¯l
+
∑
i,j,l
Sα−1;i(X
i¯i)2T jilT
j
ilXjj¯ −
1
w
∑
i
Sα−1;i(X
i¯i)2|∂iw|2
− C +
∑
i,j
Sα−1;i(X
i¯i)2
(
− Rjj¯i¯iXi¯i +Ri¯ijj¯Xjj¯ +Gi¯ijj¯
)
+ w
∑
i
Sα−1;i(X
i¯i)2∂¯i∂iφ.
As in [10] and [25], direct calculation shows that
(3.8)
∣∣∣Xij¯l −Xjl¯∂iw
w
− T jilXjj¯
∣∣∣2 = Xij¯lXji¯l¯ +Xjl¯Xlj¯ |∂iw|2
w2
+ T jilT
j
ilX
2
jj¯
− 2Re{Xij¯lXlj¯
∂¯iw
w
} − 2Xjj¯Re{Xij¯lT jil}+ 2Xjj¯Re{Xjl¯
∂iw
w
T
j
il}.
Note also that
(3.9) Xjj¯i −Xij¯j = Tˆ kijχkj¯ − T kij¯Xkj¯,
where Tˆ denotes the torsion with respect to the Hermitian metric χ. We compute
the sum straightforward and obtain,
(3.10)
∑
i,j,l
Sα−1;i(X
i¯i)2Xjj¯
∣∣∣Xij¯l −Xjl¯∂iw
w
− T jilXjj¯
∣∣∣2
=
∑
i,j,l
Sα−1;i(X
i¯i)2Xjj¯Xij¯lXji¯l¯ −
1
w
∑
i
Sα−1;i(X
i¯i)2|∂iw|2
+
∑
i,j,l
Sα−1;i(X
i¯i)2T jilT
j
ilXjj¯ − 2
∑
i,j
Sα−1;i(X
i¯i)2Re{Tˆ kjiχkj¯
∂¯iw
w
}
− 2
∑
i,j,l
Sα−1;i(X
i¯i)2Re{Xij¯lT jil}.
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Equation (3.10) implies that
(3.11)
2
w
∑
i,j
Sα−1;i(X
i¯i)2Re{Tˆ kjiχkj¯∂¯iw}
≤
∑
i,j,l
Sα−1;i(X
i¯i)2Xjj¯Xij¯lXji¯l¯ −
1
w
∑
i,j,l
Sα−1;i(X
i¯i)2|∂iw|2
+
∑
i,j,l
Sα−1;i(X
i¯i)2T jilT
j
ilXjj¯ − 2
∑
i,j,l
Sα−1;i(X
i¯i)2Re{Xij¯lT jil}.
Combining (3.7) and (3.11), we have
(3.12)
0 ≥ − C +
∑
i,j
Sα−1;i(X
i¯i)2
(
− Rjj¯i¯iXi¯i +Ri¯ijj¯Xjj¯ +Gi¯ijj¯
)
+ w
∑
i
Sα−1;i(X
i¯i)2∂¯i∂iφ+
2
w
∑
i,j
Sα−1;i(X
i¯i)2Re{Tˆ kjiχkj¯∂¯iw}.
By applying a trick due to Phong and Sturm [21], we use the function
(3.13) φ := −A(u− u) + 1
u− u− infM(u− u) + 1 .
Without loss of generality, we assume C,A≫ 1 throughout this section.
It is easy to see that
(3.14) ∂iφ = −A(∂iu− ∂iu)− ∂iu− ∂iu
(u− u− infM(u− u) + 1)2
and
(3.15)
∂¯i∂iφ =− A(∂¯i∂iu− ∂¯i∂iu)− ∂¯i∂iu− ∂¯i∂iu
(u− u− infM(u− u) + 1)2
+
2∂i(u− u)∂¯i(u− u)
(u− u− infM(u− u) + 1)3 .
Then, the third term in (3.12) turns to
(3.16)
w
∑
i
Sα−1;i(X
i¯i)2∂¯i∂iφ = w
∑
i
Sα−1;i(X
i¯i)2
2∂i(u− u)∂¯i(u− u)
(u− u− infM(u− u) + 1)3
−
(
Aw +
w
(u− u− infM(u− u) + 1)2
)∑
i
Sα−1;i(X
i¯i)2(∂¯i∂iu− ∂¯i∂iu);
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and the fourth term is
(3.17)
2
w
∑
i,j
Sα−1;i(X
i¯i)2Re{Tˆ kjiχkj¯∂¯iw} = −2
∑
i,j
Sα−1;i(X
i¯i)2Re{Tˆ kjiχkj¯∂¯iφ}
≥ − w
(u− u− infM(u− u) + 1)3
∑
i
Sα−1;i(X
i¯i)2|∂i(u− u)|2
− CA2 (u− u− infM(u− u) + 1)
3
w
∑
i
Sα−1;i(X
i¯i)2.
Therefore,
(3.18)
0 ≥
(
Aw +
w
(u− u− infM(u− u) + 1)2
)∑
i
Sα−1;i(X
i¯i)2(∂¯i∂iu− ∂¯i∂iu)
− CA2 (u− u− infM(u− u) + 1)
3
w
∑
i
Sα−1;i(X
i¯i)2
− Cw
∑
i
Sα−1;i(X
i¯i)2 − C.
For A ≫ 1 which is to be determined later, there are two cases in consideration:
(1) w > A(u − u − infM(u − u) + 1) 32 ≥ A > N , where N is the crucial constant in
Lemma 2.1; (2) w ≤ A(u− u− infM(u− u) + 1) 32 .
In the first case, by Lemma 2.1,
(3.19) 0 ≥ Awθ
(∑
i
Sα−1;i(X
i¯i)2 + 1
)
− Cw
∑
i
Sα−1;i(X
i¯i)2 − C.
This gives a bound w ≤ 1 at p if we choose Aθ > C. It contradicts the assumption
A≫ 1.
In the second case,
(3.20)
weφ ≤ weφ|p ≤ A(u− u− inf
M
(u− u) + 1) 32 e−A(u−u)+1
≤ Ae2e−A infM (u−u)
and hence
(3.21)
w ≤ Ae2eA(u−u)− 1u−u−infM (u−u)+1−A infM (u−u)
≤ Ae2eA(u−u)−A infM (u−u) ≤ CeA(u−infM u).

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4. Higher order estimates
To finish the proof of C∞ estimates, it is sufficient to prove the Cβ estimate on uij¯
for some β ∈ (0, 1). Once we have the Ho¨lder bound for uij¯, higher order regularity can
be archieved by differentiating equation (1.1) and then applying Schauder estimates.
Following the work of Tosatti and Weinkove [23], we apply Trudinger’s idea [26] to
prove a complex version of the Evans-Krylov theory.
Proposition 4.1. Let u be an admissible solution to equation (1.1). Then there exist
constants β ∈ (0, 1) and C depending only on the geometric data such that
(4.1)
[
uij¯
]
β,M
≤ C.
Proof. Let U ⊂ Cn be a small open set containing B2R, and consider the equivalent
equation (2.12). Without loss of generality, we assume R < 1. Define
(4.2) F (A) = −Sα(A−1)
for any positive definite Hermitian matrix A.
Let γ ∈ Cn be an arbitrary vector. Differentiating the equation with respect to γ
and then γ¯, we obtain from (2.14),
(4.3)
∑
i,j
F ij¯uij¯γγ¯ ≥ −Cαn ∂¯γ∂γ(ψ−1)−
∑
i,j
F ij¯χij¯γγ¯.
Also by the concavity of F , it is easy to see that
(4.4)
∑
i,j
F ij¯(y)
(
Xij¯(y)−Xij¯(x)
) ≤ −Cαnψ−1(y) + Cαnψ−1(x) ≤ C|y − x|,
for all x, y in U .
Since we have a priori estimates for F ij¯, we can find a finite number N of unit
vectors γ1, · · · , γN in Cn and real valued functions τ1, · · · , τN such that
(4.5) 0 < C1 ≤ τk ≤ C2, ∀ k = 1, · · · , N,
(4.6) γ1, · · · , γN contains an orthonornal basis of Cn,
and
(4.7) F ij¯(y) =
N∑
k=1
τk(y)(γk)
i(γk)j
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From (4.4),
(4.8)
N∑
k=1
τk(y) (Xγk γ¯k(y)−Xγkγ¯k(x)) ≤ C|y − x|.
Using (4.5) and the mean value theorem, inequality (4.8) can be rewritten as
(4.9)
N∑
k=1
τk(y) (uγkγ¯k(y)− uγkγ¯k(x)) ≤ C|y − x|.
We need the following Harnack inequality [7], [15].
Lemma 4.2. Let
[
F ij¯
]
n×n be uniformly elliptic under the Euclidean metric on U ⊂
C
n. Suppose that v ≥ 0 satisfies that
(4.10)
∑
i,j
F ij¯∂i∂¯jv ≤ f,
on B2R ⊂ U . Then there exist uniform constants p > 0 and C > 0 such that
(4.11)
(
1
R2n
∫
BR
vp
) 1
p
≤ C
(
inf
BR
v +R||f ||L2n(B2R)
)
.
For s = 1, 2 and k = 1, · · · , N , let
(4.12) Msk := sup
BsR
uγkγ¯k , msk := inf
BsR
uγkγ¯k ,
and
(4.13) Φ(sR) :=
N∑
k=1
oscBsRuγkγ¯k =
N∑
k=1
(Msk −msk).
Applying Lemma 4.2 to M2k − uγkγ¯k , we obtain from (4.3)
(4.14)
(
1
R2n
∫
BR
(M2k − uγkγ¯k)p
) 1
p
≤ C
(
M2k −M1k +R
∣∣∣∣∣∣Cαn ∂¯γ∂γ(ψ−1) +∑
i,j
F ij¯χij¯γγ¯
∣∣∣∣∣∣
L2n(B2R)
)
≤ C (M2k −M1k +R2) ≤ C (M2k −M1k +R) .
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Note that in the last inequality, we use the assumption that R < 1. Letting l be an
integer such that 1 ≤ l ≤ N , we have
(4.15)
(
1
R2n
∫
BR
(∑
k 6=l
(M2k − uγkγ¯k)
)p) 1p
≤
∑
k 6=l
(
1
R2n
∫
BR
(M2k − uγkγ¯k)p
) 1
p
≤ C
(∑
k 6=l
(M2k −M1k) +R
)
.
But (4.9) tells us that
(4.16) τl(y) (uγlγ¯l(y)− uγlγ¯l(x)) ≤ C|y − x| −
∑
k 6=l
τk(y) (uγkγ¯k(y)− uγkγ¯k(x)) .
For arbitrary ǫ > 0, we can choose x ∈ B2R such that uγlγ¯l(x) ≤ m2l + ǫ, and hence
(4.17) uγlγ¯l(y)−m2l − ǫ ≤ C
(
R +
∑
k 6=l
(M2k − uγkγ¯k(y))
)
.
Since ǫ is arbitraty, it follows that
(4.18) uγlγ¯l(y)−m2l ≤ C
(
R +
∑
k 6=l
(M2k − uγkγ¯k(y))
)
.
Integrating in terms of y over BR and applying (4.15),
(4.19)
(
1
R2n
∫
BR
(uγlγ¯l −m2l)p
) 1
p
≤ C
(
1
R2n
∫
BR
(
R +
∑
k 6=l
(M2k − uγkγ¯k)
)p) 1p
≤ C

R +
(
1
R2n
∫
BR
(∑
k 6=l
(M2k − uγkγ¯k)
)p) 1p
≤ C
(
R +
∑
k 6=l
(M2k −M1k)
)
.
Adding (4.14) and (4.19) with k = l in (4.14), it follows that
(4.20)
M2l −m2l ≤ C
(
R +
N∑
k=1
(M2k −M1k)
)
≤ C (R + Φ(2R)− Φ(R)) ,
and thus for some uniform constant 0 < δ < 1,
(4.21) Φ(R) ≤ δΦ(2R) +R.
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We recall a lemma from [7] (see also [15]).
Lemma 4.3. Let Φ(R) be a nondecreasing function on (0, R0]. Suppose that there
exist 0 < θ, δ < 1, 0 < κ ≤ 1, K ≥ 0 such that
(4.22) Φ(θR) ≤ δΦ(R) +KRκ, ∀0 < R ≤ R0.
Then for some 0 < β ≤ κ, C > 0, we have
(4.23) Φ(R) ≤ C
(
R
R0
)β
[Φ(R0) +KR
κ
0 ] ,
for all R ≤ R0.
It then follows by applying Lemma 4.3 to (4.20) that
(4.24) Φ(R) ≤ CRβ.
This completes the proof of the theorem.

Remark 4.4. As shown in [16], an alternative way is to prove a bound on the real Hes-
sian of u, and then use the results of Evans and Krylov. Caffarelli, Kohn, Nirenberg,
Spruck [4] and Blocki [2]proved similar results in different cases.
5. Method of continuity
On closed manifolds, a crucial step is to make method of continuity work, especially
the openness part. In this section, we define a new metric and apply the approach in
[23]. For completeness, we include the entire argument here.
Define ϕ > 0 by
(5.1) χn = ϕχn−α ∧ ωα.
We use the continuity method and consider the family of equations
(5.2) (χ+
√−1
2
∂∂¯ut)
n = ψtϕ1−tebt(χ+
√−1
2
∂∂¯ut)
n−α ∧ ωα, for t ∈ [0, 1],
with
(5.3) χ +
√−1
2
∂∂¯ut > 0,
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where bt is a constant for each t. We consider the set
(5.4) T := {t′ ∈ [0, 1] | ∃ ut ∈ C2,α(M) and bt solving (5.2) for t ∈ [0, t′]}.
In this section, we assume: (1) 0 ∈ T , i.e., b0 is known; (2) we have uniform C∞
estimates for all ut.
Assumption (1) tells us that 0 ∈ T and hence T is not empty. It suffices to show
that T is both open and closed in [0, 1].
First, we prove that T is closed. From equation (5.2), we have ψtϕ1−tebt ≥ ϕ when
ut achieves its minimum; and ψ
tϕ1−tebt ≤ ϕ when ut achieves its maximum. So
(5.5) |bt| ≤ sup
M
| lnϕ− lnψ|.
The closedness of T follows from the uniform bound for bt and uniform C∞ estimates
of ut.
Now we show that T is open. Assuming that tˆ ∈ T , we need to show that there
exists small ǫ > 0 such that t ∈ T for any t ∈ [tˆ, tˆ+ ǫ).
Set F (u) := Sn(χu)
Sn−α(χu)
. We have
(5.6)
F (ut)
F (utˆ)
= ψt−tˆϕtˆ−tebt−btˆ .
Note that F here is different than that in the previous section.
We define a new Hermitian metric corresponding to u,
(5.7) Ω := F (ut)
∑
i,j
Fij¯(ut)dz
i ∧ dz¯j
and hence
(5.8) Ωˆ = F (utˆ)
∑
i,j
Fij¯(utˆ)dz
i ∧ dz¯j ,
where F ij¯ = ∂F
∂uij¯
and [Fij¯ ]n×n is the inverse of [F ij¯]n×n.
Applying Gauduchon’s theorem [14] to Ωˆ, there exists a function fˆ such that ΩˆG =
efˆ Ωˆ is Gauduchon, i.e., ∂∂¯(Ωˆn−1G ) = 0. By adding a constant to fˆ , we may assume
(5.9)
∫
M
e(n−1)fˆ Ωˆn = 1.
We try to solve the equation
(5.10)
F (ut)
F (utˆ)
=
(∫
M
F (ut)
F (utˆ)
e(n−1)fˆ Ωˆn
)
ψt−tˆϕtˆ−tect ,
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where ct is chosen so that
(5.11)
∫
M
ψt−tˆϕtˆ−tecte(n−1)fˆ Ωˆn = 1.
Obviously, ctˆ = 0.
Define two Banach manifolds B1 and B2 by
B1 :=
{
η ∈ C2,α(M)
∣∣∣ ∫
M
ηe(n−1)fˆ Ωˆn = 0
}
,
B2 :=
{
h ∈ Cα(M)
∣∣∣ ∫
M
ehe(n−1)fˆ Ωˆn = 1
}
.
It is easy to see that
T0B1 = B1 and T0B2 =
{
ρ ∈ Cα(M)
∣∣∣ ∫
M
ρe(n−1)fˆ Ωˆn = 0
}
.
Also define a linear operator Ψ : B1 → B2 by
Ψ(η) := logF (η + utˆ)− logF (utˆ)− log
(∫
M
F (η + utˆ)
F (utˆ)
e(n−1)fˆ Ωˆn
)
.
Note that Ψ(0) = 0. By the inverse function theorem, we only need to show that
(DΨ)0 : T0B1 → T0B2
is invertible. Direct calculation shows that
(5.12)
(DΨ)0(η) =
1
F (utˆ)
∑
i,j
F ij¯(utˆ)ηij¯ −
∫
M
1
F (utˆ)
∑
i,j
F ij¯(utˆ)ηij¯e
(n−1)fˆ Ωˆn
= ∆Ωˆη − n
∫
M
e(n−1)fˆ Ωˆn−1 ∧
√−1
2
∂∂¯η = ∆Ωˆη.
It is a result in [3] that the equation ∆ΩˆGη = ρ is solvable if
∫
M
ρΩˆnG = 0. Given
ρ ∈ T0B2, we have
(5.13)
∫
M
ρe(n−1)fˆ Ωˆn =
∫
M
ρe−fˆ ΩˆnG = 0.
Therefore we can solve equation (5.10) for t ∈ [tˆ, tˆ+ ǫ), and hence T is open.
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6. Solving the complex Monge-Ampe`re type equations
In this section, we give proofs of the existence results stated in section 1. Observe
that in section 5, we make two assumptions to carry out the method of continuity. It
suffices to show that the two assumptions are fulfilled. The obstacle for the uniform
estimates of ut is that the cone condition generally does not work for all ψ
tϕ1−tebt .
Proof of Theorem 1.2. Under the given conditions, we begin the method of continuity
from χ. It is easy to see that b0 = 0.
Since
(6.1)
χn
χn−α ∧ ωα ≤ ψ,
we have ϕ ≤ ψ. At the maximum point of ut,
(6.2) ψtϕ1−tebt ≤ ϕ,
so
(6.3) bt ≤ 0.
This means on M
(6.4) ψtϕ1−tebt ≤ ψ.
Then the cone condition Cα(ψ) is uniform for all ut. As a result, we have uniform
C∞ estimates of ut.

When χ and ω are both Ka¨hler, we have more information about the equations .
This helps us to obtain deeper results.
Proof of Theorem 1.3. In order to prove Theorem 1.3, we need to apply method of
continuity twice.
First, since χ ∈ Cα(ψ), there must be a function u satisfying
(6.5) χu = χ +
√−1
2
∂∂¯u > 0
and
(6.6) nχn−1u > (n− α)ψχn−α−1u ∧ ωα.
Define ϕ by
(6.7) χnu = ϕχ
n−α
u ∧ ωα.
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It is easy to see that
(6.8) nχn−1u > (n− α)ϕχn−α−1u ∧ ωα.
And hence
(6.9) nχn−1u > (n− α)(max{ψ, ϕ}+ δ)χn−α−1u ∧ ωα
for sufficiently small δ > 0. By approximation, we can find a smooth function v such
that
(6.10) χv = χ+
√−1
2
∂∂¯v > 0,
(6.11)
χnv
χn−αv ∧ ωα
≤ χ
n
u
χn−αu ∧ ωα
+
δ
2
= ϕ +
δ
2
and
(6.12) nχn−1v > (n− α)ψ0χn−α−1v ∧ ωα,
where ψ0 is a smooth function satisfying ψ0 ≥ max{ψ, ϕ}+ δ2 . So we have χv ∈ Cα(ψ0)
and
(6.13)
χnv
χn−αv ∧ ωα
≤ ψ0.
By Theorem 1.2, there exists an admissible solution u0 of
(6.14)
(
χ+
√−1
2
∂∂¯u
)n
= ψ0e
b0
(
χ+
√−1
2
∂∂¯u
)n−α
∧ ωα,
for some b0 ≤ 0.
Second, we start the method of continuity from χu0 and consider the family of
equations
(6.15) (χ +
√−1
2
∂∂¯ut)
n = ψtψ1−t0 e
bt(χ+
√−1
2
∂∂¯ut)
n−α ∧ ωα, for t ∈ [0, 1].
Note that b0 has been found out in the first stage.
Integrating equation (6.15),
(6.16)
∫
M
χn =
∫
M
ψtψ1−t0 e
bt(χ +
√−1
2
∂∂¯ut)
n−α ∧ ωα ≥ cebt
∫
M
χn−α ∧ ωα,
which implies
(6.17) bt ≤ 0.
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As a consequence,
(6.18) ψtψ1−t0 e
bt ≤ ψtψ1−t0 ≤ ψ0.
Therefore, we have uniform C∞ estimates of ut. 
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